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Shape dependence and anisotropic finite-size scaling of the phase coherence
of three-dimensional Bose-Einstein condensed gases
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We investigate the equilibrium phase-coherence properties of Bose-condensed particle systems,
focussing on their shape dependence and finite-size scaling (FSS). We consider three-dimensional
(3D) homogeneous systems confined to anisotropic L × L × La boxes, below the BEC transition
temperature Tc. We show that the phase correlations develop peculiar anisotropic FSS for any
T < Tc, in the large-L limit keeping the ratio λ ≡ La/L
2 fixed. This phenomenon is effectively
described by the 3D spin-wave (SW) theory. Its universality is confirmed by quantum Monte Carlo
simulations of the 3D Bose-Hubbard model in the BEC phase. The phase-coherence properties of
very elongated BEC systems, λ ≫ 1, are characterized by a coherence length ξa ∼ Atρs/T where
At is the transverse area and ρs is the superfluid density.
PACS numbers: 03.75.Hh, 67.85.Hj, 03.75.Gg, 64.60.an
I. INTRODUCTION
The low-temperature behavior of three-dimensional
(3D) bosonic gases is characterized by the formation
of a Bose-Einstein condensate (BEC), below a finite-
temperature BEC phase transition. The phase coher-
ence properties of cold atomic gases within the low-
temperature BEC phase have been investigated by sev-
eral experiments with cold atoms in harmonic traps, see,
e.g., Refs. [1–10]. The coherence length turns out to be
equal to the condensate size in generic 3D traps. How-
ever, very elongated harmonic traps may give rise to a
substantial phase decoherence along the longer axial di-
rection [5–7, 11, 12].
In this paper we study the equilibrium phase-coherence
properties of homogeneous Bose-condensed particle sys-
tems, focussing on their shape dependence and finite-size
scaling (FSS). We show that homogeneous BEC systems
constrained within L × L × La boxes develop a peculiar
anisotropic FSS (AFSS), in the large-L limit keeping the
ratio λ ≡ La/L2 fixed. This AFSS is effectively described
by a 3D spin-wave (SW) theory, providing a quantitative
description of the crossover from 3D box geometries to
elongated effectively 1D systems. The phase-correlation
properties of the 3D SW theory are expected to be uni-
versal, i.e., they are expected to apply to any condensed
particle system, at any temperature below the BEC tran-
sition. In particular, for very elongated BEC systems
(λ ≫ 1) our analysis confirms that the one-particle cor-
relation function decays exponentially along the axial
direction, with a coherence length proportional to the
transverse area.
An interesting many-body system showing BEC is the
3D Bose-Hubbard (BH) Hamiltonian [13], which models
gases of bosonic atoms in optical lattices [14]. It reads
H = −t
∑
〈ij〉
(b†ibj + b
†
jbi) + (1)
+
U
2
∑
i
ni(ni − 1)− µ
∑
i
ni ,
where bi is a bosonic operator, ni ≡ b†ibi is the particle
density operator, and the sums run over the bonds 〈ij〉
and the sites i of a cubic lattice. We set the hopping pa-
rameter t = 1, so that all energies are expressed in units
of t. The phase diagram of 3D BH models and their
critical behaviors have been much investigated, see e.g.
Refs. [13, 15–19]. Their T -µ phase diagram, see for exam-
ple Fig. 1, presents a finite-temperature BEC transition
line, characterized by the accumulation of a macroscopic
number of atoms in a single quantum state. The conden-
sate wave function provides the complex order parameter
of the BEC transition, whose critical behavior belongs
to U(1)-symmetric XY universality class [20]. The BEC
phase extends below the BEC transition line. The phase
coherence properties are inferred from the one-particle
correlation function
G(x,y) ≡ 〈b†xby〉. (2)
Its behavior, and the related momentum distribution, can
be experimentally investigated by looking at the interfer-
ence patterns of absorption images after a time-of-flight
period in the large-time ballistic regime [21].
We present a numerical analysis of the space-coherence
properties of the 3D hard-core BH model within its BEC
phase, by quantum Monte Carlo (QMC) simulations.
The results agree with the AFSS behaviors obtained
within the 3D SW theory, supporting its universality.
The paper is organized as follows. In Sec. II we present
the 3D SW theory that provides an effective descrip-
tion of the long-range phase correlations within the BEC
phase, and show the emergence of a nontrivial AFSS be-
havior. In Sec. III we investigate the space coherence
2vacuum Mott n = 1
µ
T
normal fluid
6-6
BEC
FIG. 1: (Color online) Sketch of the T -µ (in unit of the hop-
ping parameter t) phase diagram of the 3D BH model in the
hard-core U → ∞ limit. The BEC phase is restricted to a
finite region between µ = −6 and µ = 6. It is bounded by a
BEC transition line Tc(µ), which satisfies Tc(µ) = Tc(−µ) due
to a particle-hole symmetry. Its maximum occurs at µ = 0,
where [18] Tc(µ = 0) = 2.0160(1). At T = 0 two further
quantum phases exist: the vacuum phase (µ < −6) and the
incompressible n = 1 Mott phase (µ > 6).
of the 3D hard-core BH model within its BEC phase
by QMC simulations, confirming the universality of the
AFSS behaviors obtained within the 3D SW theory. Fi-
nally, in Sec. IV we draw our conclusions. We also add an
appendix containing some details of our numerical calcu-
lations.
II. 3D SPIN-WAVE THEORY
Within the BEC phase, and for T ≪ Tc when the
density ρ0 = 〈n0〉 of the condensate is much larger than
the density of the noncondensed atoms, the particle-field
operator of homogeneous systems can be effectively ap-
proximated by [5] b(x) =
√
n0e
iθ(x). Then, the long-
distance modes of the phase correlations are expected
to be described by an effective 3D SW theory for a real
phase field θ(x), which is invariant under a global shift
θ(x)→ θ(x) + ϕ. The simplest SW action reads
Ssw =
∫
ddx
α
2
(∂µθ)
2 (3)
where α plays the role of the superfluid density (as nor-
mally defined phenomenologically, [22] α ∝ ρs/T ). In
the framework of the effective field theories [23], Eq. (3)
represents the first non-trivial term of a derivative ex-
pansion of the fundamental field θ(x). Contributions of
higher-order derivatives are expected to be suppressed in
the long-range correlations. We return to this point later.
Actually, as argued in Ref. [5], the region where the SW
theory effectively describes the long-distance phase cor-
relations is expected to extend to the whole BEC phase,
i.e. for T . Tc, excluding only the relatively small critical
region close to Tc. This is essentially related to the fact
that the fluctuations of the condensate density are sup-
pressed below the critical region around Tc. Therefore,
the two-point function
Gsw(x− y) = 〈e−iθ(x) eiθ(y)〉 (4)
is expected to describe the long-range phase-coherence
properties of particle systems in the whole BEC phase.
We consider the 3D SW model in a finite box of generic
shape L1 × L2 × L3 and periodic boundary conditions
(PBCs). We regularize the theory on a corresponding
L1 × L2 × L3 lattice, and write the partition function as
Z =
∑
{nµ}
∫
D[θ] e−
α
2
∑
x,µ(θx−θx+µˆ−2pinµδxµLµ)
2
=
∑
{nµ}
W (n1, n2, n3)
∫
D[θ] e−
α
2
∑
x,µ
(θx−θx+µˆ)
2
=
∑
{nµ}
W (n1, n2, n3) Z0, (5)
where µ = 1, 2, 3, nµ ∈ Z, the shift 2pinµδxµLµ at the
boundary takes into account winding configurations on
lattices with PBC, the weights W (nµ) are given by
lnW = −2pi2α
(
L2L3
L1
n21 +
L3L1
L2
n22 +
L1L2
L3
n23
)
, (6)
and Z0 is the plain partition function without shift at the
boundaries. Analogous formulations of the SW theory
have been considered to describe the quasi-long-range or-
der of two-dimensional U(1)-symmetric systems [24–27].
The above formulas allow us to compute the helicity
modulus along the three spatial directions, from the re-
sponse of the system to a phase twisting φ along one of
the lattice directions [22]. We obtain
Y1 ≡ − L1
L2L3
∂2 logZ(φ)
∂φ2
∣∣∣∣
φ=0
= (7)
= α− 4pi2α2L2L3
L1
∑∞
n=−∞ n
2e−2pi
2n2αL2L3/L1∑∞
n=−∞ e
−2pi2n2αL2L3/L1
and analogously for Y2 and Y3.
The two-point function (4) can be written as
Gsw(x− y) = 〈e−i(θx−θy)〉0 (8)
×
∑
{nµ}
W (nµ) cos
[
2pi
∑3
µ=1 nµ(xµ − yµ)/Lµ
]
∑
{nµ}
W (nµ)
,
where 〈.〉0 denotes the expectation value in a Gaussian
system without boundary shift (with PBC). Then we use
the relation
〈e−i(θx−θy)〉0 = exp[G0(x,y)] (9)
where
G0(x,y) ≡ 〈(θx − θy)2〉0 (10)
=
1
αL1L2L3
∑
p 6=0
cos[p · (x− y)]− 1
2
∑
µ(1− cos pµ)
with pµ = 2pi{0, . . . , Lµ− 1}/Lµ. Eqs. (8-10) allow us to
compute the Gsw(x) for any lattice shape and size. The
3continuum limit is formally equivalent to the FSS limit,
i.e. Lµ →∞ keeping appropriate ratios of the sizes fixed.
As already noted in Ref. [26], when we consider large-
volume limits keeping the ratios of the sizes Lµ finite,
Eq. (7), and the analogous equations for the other direc-
tions, give equal helicity modulus. We obtain Yµ = α
for any µ = 1, 2, 3. However, nontrivial results are ob-
tained when considering elongated geometries, in partic-
ular when one size scales as the product of the sizes of
the other two directions, giving rise to an AFSS.
Let us now consider the particular case of anisotropic
geometries: we fix L1 = L2 = L and L3 = La. More
precisely, we consider the AFSS limit obtained by the
large-L limit at fixed ratio
λ ≡ La/L2. (11)
From Eq. (7) we obtain
Yt = Y1 = Y2 = α, (12)
Ya = Y3 = α− 4pi
2α2
λ
∑∞
n=−∞ n
2e−2pi
2n2α/λ∑∞
n=−∞ e
−2pi2n2α/λ
. (13)
Therefore, the transverse helicity modulus Υt ≡ TYt can
be again identified with the superfluid density. On the
other hand, Ya varies significantly with increasing λ, from
Ya = α for λ → 0 to Ya → 0 for λ → ∞. Its AFSS can
be written as
RY ≡ Ya/Yt = fΥ(ζ), ζ ≡ Yt/λ, (14)
where
fΥ(ζ) = 1 + 2ζ ∂ζ lnϑ3(0|i2piζ), (15)
and ϑ3(z|τ) is the third elliptic theta function [28]. In
particular, fΥ(0) = 0 and fΥ(∞) = 1. A plot of fΥ(ζ) is
shown in Fig. 2.
In the infinite-axial-size La →∞ limit, the phase cor-
relation Gsw(x) along the axial direction is essentially
determined by the first factor of the r.h.s. of Eq. (8),
since axial boundary terms become irrelevant, as indi-
cated by the vanishing axial helicity modulus. In this
limit Gsw(x) turns out to decay exponentially along the
axial direction:
Gsw(0, 0, z ≫ 1) ∼ e−z/ξa (16)
(apart from a power-law prefactor), where
ξa = 2αL
2. (17)
This is obtained from the large-distance behavior of the
Gaussian correlation (10):
G0(0, 0, z ≫ 1) ≈ − z
2αL2
. (18)
In order to study the AFSS of the axial coherence
length, we consider an alternative axial second-moment
0.0 0.1 0.2 0.3 0.4 0.5 0.6
Y
t
 / λ
0.0
0.5
1.0
RY
L = 8      T = 1.5
L = 12    
L = 16   
L = 8      T = 1.75
L = 12
L = 16
SW theory
FIG. 2: (Color online) The ratio RY ≡ Ya/Yt for anisotropic
L2×La lattices with PBC, versus Yt/λ where λ ≡ La/L
2. We
show the curve (15) obtained by the 3D SW theory (full line),
and QMC data for the 3D hard-core BH model, for µ = 0 and
two temperature values, i.e. T = 1.5 and T = 1.75 (we use the
QMC estimates Yt ≈ 0.280 and Yt ≈ 0.176 respectively). The
MC data clearly approach the SWAFSS curve with increasing
L (the differences get rapidly suppressed, apparently as L−3).
correlation length, as defined in Eq. (A2). We numeri-
cally compute it using Eqs. (8-10), for increasing values
of L keeping λ = La/L
2 fixed, up to values of L where
the results become stable with great accuracy (lattice
sizes L & 10 turn out to be sufficient to get a satisfac-
tory O(10−5) accuracy for the large-L limit). The results
show that its AFSS can be written as
ξa(λ) ≈ La f˜ξ(ζ) = 2 Yt L2 fξ(ζ) (19)
with ζ defined as in Eq. (14). Again, f˜ξ and fξ are scaling
functions. In particular f˜ξ(0) = 0 and fξ(0) = 1 [29].
The scaling function fξ is shown in Fig. 3.
We also report the two-point function Gsw(x,y) in the
case of open boundary conditions (OBCs), where winding
effects do not arise, but translation invariance is violated
by the boundaries. Assuming that the site coordinates
are xµ = [−(Lµ − 1)/2, ..., (Lµ − 1)/2],
Gsw(x,y)obc = exp
(
2Mxy −Mxx −Myy
2α
)
, (20)
Mxy =
∑
p 6=0
2np
∏
µ cos[pµ(xµ + Lµ/2)] cos[pµ(yµ + Lµ/2)]
2L1L2L3
∑
µ(1 − cos pµ)
with pµ = pi{0, . . . , Lµ − 1}/Lµ and np is the number of
momentum components different from zero. Analogously
to the PBC case, for elongated L2 × La lattices with
La → ∞, the phase correlation asymptotically behaves
asGsw(0, 0, z ≫ 1)obc ∼ e−z/ξa with ξa given by Eq. (17).
Finally, assuming the universality of the above asymp-
totic AFSS for any BEC system, we would like to get in-
formation on the size of the corrections when approaching
this universal limit. Corrections to the asymptotic scal-
ing behavior are generally expected in generic BEC sys-
tems due to the fact that the corresponding effective SW
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FIG. 3: (Color online) The ratio ξa/(2YtL
2), where ξa is axial
second-moment correlation length defined in Eq. (A2), ver-
sus Yt/λ with λ ≡ La/L
2. We show results from the SW
theory, and QMC data for the 3D hard-core BH model for
µ = 0, on L2 × La lattices with PBC (we use the QMC es-
timates Yt ≈ 0.280 and Yt ≈ 0.176 respectively for T = 1.5
and T = 1.75). The QMC data clearly approach the spin-
wave AFSS with increasing L (the differences get rapidly sup-
pressed, apparently as L−3).
theories generally require further higher-order derivative
terms. Since the SW action (3) is quadratic, the power
law of their suppression can be inferred by a straightfor-
ward dimensional analysis of the couplings of the further
irrelevant higher-order derivative terms which are consis-
tent with the global symmetries. Therefore, in the FSS or
AFSS limit, their contributions are generally suppressed
by O(L−2), due to the fact that the next-to-leading terms
has two further derivatives, and therefore the correspond-
ing couplings have a square length dimension. Therefore,
we expect that BEC systems rapidly approach the univer-
sal AFSS described by the SW quadratic theory. Notice
that, in the presence of nontrivial boundaries, O(L−1)
corrections may arise from boundary contributions.
III. SPACE COHERENCE IN THE BEC PHASE
OF THE 3D BH MODEL
In order to check the universality of the AFSS behav-
ior of the phase correlations of the 3D SW theory, we
consider the 3D BH model (1) in the hard-core U → ∞
limit and at zero chemical potential µ = 0, on elongated
L2×La lattices with PBC. We present numerical results
for a few values of the temperatures below the BEC phase
transition occurring at [18] Tc ≈ 2.0160, in particular
T = 1.5 and T = 1.75 (which are both smaller than, but
not far from, Tc), obtained by QMC simulations. Some
details are reported in App. A, with the definitions of the
observables considered.
At µ = 0 the particle density of the hard-core BH
model is exactly one half, ρ = 〈nx〉 = 1/2, indepen-
dently of T due to the particle-hole symmetry. More-
over, the on-site density fluctuation is exactly given by
〈n2x〉 − 〈nx〉2 = 1/4. The connected density-density cor-
relation Gn(x), cf. Eq. (A8), turns out to differ signif-
icantly from zero only at a distance of one lattice spac-
ing, where it has a negative value, while it is strongly
suppressed at larger distances, independently of the lat-
tice size and shape. The corresponding values of the
compressibility κ =
∑
x
Gn(x) are κ = 0.1172(1) and
κ = 0.1407(1) respectively at T = 1.5 and T = 1.75.
Therefore, as expected, the observables related to the
particle density do not show any relevant finite-size de-
pendence within the BEC phase. As we shall see, other
observables related to the phase correlations show a more
interesting behavior.
Let us first consider the helicity modulus computed
from the response of the system to a phase-twisting field
along one of the directions [22], see App. A. In the case of
bosonic systems and for homogeneous cubic-like systems,
it is related to the superfluid density: [22] Υ(T ) ∝ ρs(T ),
thus Υ(T ) approaches a nonzero finite value for T → 0.
However, for anisotropic L2×La systems we must dis-
tinguish two helicity modulus along the transverse and
axial directions: Υt ≡ TYt and Υa ≡ TYa from twisting
along the transverse and axial directions respectively, cf.
Eqs. (A4) and (A6). Their behaviors appear analogous
to those obtained for the 3D SW theory in elongated ge-
ometries. Indeed, the QMC data at both T = 1.5 and
T = 1.75 show that Yt is stable with respect to varia-
tions of λ = La/L
2, while Ya significantly decreases when
increasing λ. Straightforward large-L extrapolations of
the finite-L data lead to the estimates Yt = 0.280(1) at
T = 1.5 and Yt = 0.176(1) at T = 1.75.
The QMC data for the ratio RY ≡ Ya/Yt behave con-
sistently with the AFSS behavior (14) of the 3D SW
model. They are shown in Fig. 2. With increasing L,
the data plotted versus Yt/λ rapidly approach the SW
curve for both temperatures T = 1.5 and T = 1.75, sup-
porting the universality of the SW results. Note that the
temperature dependence enters only through the temper-
ature dependence of the transverse helicity modulus Yt.
The convergence of the QMC data to the asymp-
totic universal curve is apparently characterized by an
O(L−3) approach, which is a higher power then the typi-
cal O(L−2) corrections expected in SW effective theories,
see the discussion at the end of Sec. II. This may be ex-
plained by the fact that we are considering observables
related to the axial size that scales as L2 in the AFSS
limit. Thus, in the derivative expansion of the corre-
sponding effective SW effective theory, a further deriva-
tive with respect to the axial space coordinate formally
leads to a further power L−2, instead of L−1.
We also consider the axial second-moment correlation
length ξa, defined in Eq. (A2). Again, its large-L behav-
ior is consistent with the AFSS obtained within the SW
theory, cf. Eq. (19), as clearly demonstrated by the QMC
data shown in Fig. 3.
Finally, we consider the space dependence of the two-
point function along the axial direction, and, in particu-
50 2 4 6 8 10
z / ξ
a
10−4
10−3
10−2
10−1
G
w
 
 
/  
( χ
 
/ L
2
ξ a 
)
L = 8      T = 1.5
L = 8      T = 1.75
SW theory
FIG. 4: (Color online) The wall-wall phase correlation Gw(z),
cf. Eq. (A3), in the infinite axial-size limit λ → ∞. Again,
the QMC data for the hard-core BH model and the computa-
tions using the 3D SW theory perfectly agree (actually their
differences are hardly visible). Clearly, Gw(z) decays expo-
nentially, as e−z/ξa with ξa = 2YtL
2.
lar, of the axial wall-wall correlation defined in Eq. (A3).
We expect that its AFSS reads
Gw(z) =
χ
L2ξa
fw(z/ξa, Yt/λ) (21)
where χ is the spatial integral of G. In Fig. 4 we show
QMC data in the infinite axial-size limit, i.e. λ→∞ (ob-
tained by increasing La at fixed L, up to the point the
data become stable within errors). Again the QMC data
nicely agree with the corresponding space dependence of
the SW two-point function, obtained using formulas (8)-
(10). In particular, they confirm the large-distance expo-
nential decay with axial correlation length ξa = 2YtL
2,
in agreement with Eqs. (17) and (19).
IV. CONCLUSIONS
We have studied the equilibrium phase-coherence prop-
erties of Bose-condensed particle systems, focussing on
their shape dependence and FSS. In particular, we con-
sider anisotropic L2 × La geometries with PBC, in the
AFSS limit L→∞ keeping the ratio λ ≡ La/L2 fixed.
The long-range phase-coherence properties of the BEC
phase are effectively described by a 3D SW theory, which
allows us to compute the asymptotic AFSS of the phase
correlations. Such a behavior is universal, in particular
it is independent of T . Indeed the temperature depen-
dence enters only through a normalization of the scaling
variable λ, which can be related to the helicity modulus
Υt along the transverse directions of size L. Phase de-
coherence occurs in the limit of very elongated systems,
where the axial coherence length ξa remains finite in the
limit λ≫ 1, and proportional to the transverse area. In
particular, in the case of PBC and for λ→∞, we obtain
ξa = 2L
2Υt/T . Since the transverse helicity modulus
maintains its correspondence with the superfluid density,
i.e. Υt ∝ ρs, this relation may be turned into
ξa ∝ ρs
T
At, (22)
where At is the transverse area.
To check the universality of the AFSS of the phase cor-
relations, we consider the 3D BH lattice model (1), which
models gases of bosonic atoms in optical lattices [21]. We
present a numerical analysis in the hard-core U → ∞
limit based on QMC simulations within the BEC phase.
The results confirm the universality of the AFSS de-
scribed by the 3D SW theory. We stress that analo-
gous behaviors are expected for finite on-site couplings
U , and for generic BEC systems not constrained by a
lattice structure.
The main features of the AFSS of anisotropic systems
with PBC are expected to extend to other boundary con-
ditions (appropriate to quantum many-body systems),
in particular to the case of open boundary conditions
(OBCs) which are more realistic for experimental setup.
For example, in the infinite-axial-size limit and for OBC
along all directions, the two-point correlation function of
3D SW model, cf. Eq. (20), shows an exponential decay
along the axial direction as well. Analogously to the PBC
case, the axial correlation length behaves as in Eq. (22).
An analogous space-decoherence phenomenon has been
put forward for inhomogeneous atomic systems within
elongated harmonic traps [5]. The bosonic systems in
harmonic traps were studied assuming the Thomas-Fermi
approximation for the space dependence of the particle
density, and a Gaussian theory for the phase fluctua-
tions [5]. Corresponding experimental evidence for the
BEC of harmonically trapped 87Rb atoms has been also
reported [6, 7]. The crossover from 3D BEC systems to
the effectively 1D phase-fluctuating condensate regime
has been also discussed for ring-shaped traps at T ≪ Tc,
using an approach based on the Gross-Pitaevskii equa-
tion [11], leading to analogous coherence properties in
the limit of very elongated systems.
We finally note that our results for homogeneous BEC
phases should also be of experimental relevance, since
cold-atom systems constrained by effectively homoge-
neous traps have been recently realized [30].
It is worth mentioning that AFSS scenarios analogous
to those of 3D BEC systems are also expected in generic
3D O(N)-symmetric statistical systems, such as 3D N -
vector models, within their low-temperature phase where
a spatially uniform magnetic field drives first-order tran-
sitions [31, 32] (in BEC systems an external field coupled
to the condensation order parameter is not physical).
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6Appendix A: Quantum Monte Carlo simulations of
the 3D BH model and observables
In our numerical study of the 3D BH model (1), we
present results obtained by QMC simulations of the BH
model in the hard-core U → ∞ limit, for temperature
values T < Tc, on anisotropic L
2×La lattices with PBC,
for various values of L (generally up to L = 16) and
La. We use the directed operator-loop algorithm, [33–
35] which is a particular algorithm using the stochastic
series expansion method.
The decay of phase coherence along the axial direction
can be quantified by the one-particle correlation (2). The
corresponding length scale ξa may be extracted from its
exponential decay or its second moment along the axial
direction. In the case of PBC translational invariance
implies G(x− y) ≡ G(x,y) ≡ 〈b†xby〉. We define its zero-
momentum component
χ =
∑
x
G(x) (A1)
and the axial second-moment correlation length as
ξ2a ≡
1
4 sin2(pi/La)
(
G˜(0)
G˜(pa)
− 1
)
, (A2)
where G˜(p) is the Fourier transform of G(x) and pa =
(0, 0, 2pi/La). Moreover, we consider the wall-wall corre-
lation function along the axial direction, defined as
Gw(z) ≡ 1
L2
∑
x1,x2
G(x1, x2, z). (A3)
The helicity modulus Υ is a measure of the response of
the system to a phase-twisting field along one of the lat-
tice directions [22]. In the case of bosonic systems and for
homogeneous cubic-like systems, it is related to the su-
perfluid density: Υ(T ) ∝ ρs(T ). However, for anisotropic
L2×La systems we must distinguish two helicity modulus
along the transverse and axial directions. In our QMC
with PBC they can be estimated from the linear winding
number Wt and Wa along the trasverse and axial direc-
tions respectively. Therefore, we define transverse and
axial helicity modulus:
Υt ≡ 1
La
∂2F (φt)
∂φ2t
∣∣∣∣
φt=0
= TYt, (A4)
Υa ≡ La
L2
∂2F (φa)
∂φ2a
∣∣∣∣
φa=0
= TYa, (A5)
Yt ≡ 1
La
〈W 2t 〉, Ya ≡
La
L2
〈W 2a 〉, (A6)
where F = −T lnZ is the total free energy, φt and φa
are twist angles along one of the transverse directions
and along the axial direction respectively.
We also consider the particle density ρ = 〈nx〉, and the
compressibility
κ ≡ ∂ρ
∂µ
=
1
V
∑
x,y
Gn(x,y), (A7)
Gn(x,y) ≡ 〈nxny〉 − 〈nx〉〈ny〉 . (A8)
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